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Eigenschaften von Sinus, Cosinus, Sinus Hyperbolicus
und Cosinus Hyperbolicus

Beweis von Satz 3.50
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Beweis von Satz 3.51

Es gilt exp(iz) = cos(z) + isin(z). Damit folgt

% (exp(iz) + exp(—iz)) = % (cos(z) +isin(z) + cos(—z) + isin(—z))
350 (i) % (cos(z) +1isin(z) + cos(z) — isin(z))
= % -2cos(z) = cos(z)
und
1 : . 1 . ..
% (exp(iz) — exp(—iz)) = 5 (cos(z) +isin(z) — cos(—z) —isin(—2z))
350 (i) % (cos(z) +isin(z) — cos(z) +isin(z))

1
= 5 2isin(z) = sin(z)

Beweis von Satz 3.52

(i)
sin?(z) + cos?(z) = (% (exp(iz) — exp(—iz))) + (% (exp(iz) + exp(—iz)))
= i (exp(i2z) — 2 + exp(—i2z)) + % (exp(i2z) + 2 + exp(—i2z))
_2.2
AR
(i)

(w)

(exp(iw) + exp(—iw))

) o (exp(in) — exp(~iw))

cos(z) cos(w) — sin(z) sin
= S (ep(is) +exp(—iz)
1 i)

— - (exp(iz) — exp(—i

_ i(exp(i(z—i—w)) + expli(z — w)) + exp(i(—2 + w)) + exp(—i(z + w)))

+i (exp(i(z + w)) — exp(i(z — w)) — exp(i(—z + w)) + exp(—i(z + w)))

éll (2exp(i(z + w)) + 2exp(—i(z + w)))
% (exp(i(z + w)) + exp(—i(z + w)))
= cos(z + w)



sin(z) cos(w) + cos(z) sin(w)

= 5 (exp(iz) — exp(~i2) 5 (exp(iw) + exp(~iu)
5 (exp(iz) + exp(~i2)) o (exp(iw) — exp(~iw))
= 5 (exp(i(z + w)) — expli(—2 +w)) + exp(i(z — w)) — exp(~i( + w))
4 (©xp(i(z 4 w)) + exp(i(—= + w)) — exp(i(z — w)) — exp(~i(z + w)))
= 5 Qepli(z +w) — 2exp(~i(z +w)))

% (exp(i(z + w)) — exp(—i(z + w)))

= sin(z + w)

Beweis von Satz 3.55

(i) Es gilt
sinh(z) = % (exp(z) — exp(—2))
cosh(z) = % (exp(z) + exp(—2))

Damit folgt

(exp(z) — exp(~2)) + = (exp(z) + exp(—2))

sinh(z) 4+ cosh(z) = 5

(exp(z) — exp(—2) + exp(z) + exp(—z))
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-2exp(z) = exp(z)

cosh?(z) — sinh?(z)

_ (% (exp(2) + exp(—z)))2 - (% (exp(2) — exp(—z)))

2

= % (epr(z) + 2exp(z) exp(—z) + exp2(—z)) — i (eXpQ(z) — 2exp(z) exp(—z) + epr(—z))
i - (2exp(z) exp(—=z) + 2exp(z) exp(—2z))
= exp(z)exp(—z) = exp(z — z) = exp(0) =1



(i) Wir fithren nur den Beweis fiir +.

cosh(z) cosh(w) + sinh(z) sinh(w)

% (exp(2) + exp(—2)) % (exp(w) + exp(—w))

5 (exp(2) — exp(~2)) 3 (exp(u) — exp(—uw)

}L (exp(z + w) + exp(—2 + w) + exp(z — w) + exp(—z — w))
J& (exp(z + w) — exp(—z + w) — exp(z — w) + exp(—z — w))
}1 (2exp(z +w) + 2exp(—(z + w)))

1

5 (exp(z + w) + exp(—(z + w)))

cosh(z + w)

(iv) Wir fithren nur den Beweis fiir +.

sinh(z) cosh(w) + cosh(z) sinh(w)

* (exp(z) — exp(—)) 5 (exp(uw) + exp(—w))

by (exp(z) + exp(~2)) 5 (exp(w) — exp(—uw)

le (exp(z + w) — exp(—z + w) + exp(z — w) — exp(—z — w))
+ (exple + ) + expl—=-+ ) — explz — ) — exp(—z — )
}l (2exp(z + w) — 2exp(—(z + w)))

1

5 (exp(z + w) — exp(—(z + w)))

sinh(z + w)

sin(iy) = %(exp(iiy)—exp(_ﬁy))
_ %<exp<_y>—exp<y>>
_ _%(exp@—exp(—y))
_ %(expw)—exp(—y»
= isinh(y)



cos(iy) = = (exp(iiy) + exp(—iiy))

(exp(—y) + exp(y))

RN RN

= 3 (exp(y) + exp(—y))

= cosh(y)

(vii)
cos(x + iy) 502 cos(x) cos(iy) — sin(x) sin(iy)

(WV),(vi) cos(z) cosh(y) — isin(x) sinh(y)

~

(viii)
sin(z + iy) 552 sin(z) cos(iy) + cos(z) sin(iy)

(v ,:(Vi) Sln(‘r) Cosh(y) —+ iCOS(I) Slnh(y)

~



